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Abstract 
None of the asymptotic states commonly used in perturbative QCD are gauge invariant.  A 
similar statement could be made about QED, but in QED one can construct gauge invariant 
“dressed” states (with Dirac electrons) that are unitarily equivalent to the states used in 
perturbation theory.  Perturbative expansions of dressed states have been derived for QCD, but 
Gribov copies obstruct these states from remaining gauge invariant non-perturbatively.  
Introduced here are new QCD states that are exact solutions to the Dirac condition, so they 
remain gauge invariant non-perturbatively.  The quark content of these states is restricted to be 
meson-like, baryon-like, or anti-baryon-like locally at each point of space.  The states differ from 
others previously presented due to the use of creation operators defined in coordinate space 
rather than in momentum space. 
 
 
Introduction 
 Both the QED and QCD gauge symmetries are thought to be unbroken in Nature.  For 
this to be true, every allowed physical state must be invariant to QED and QCD gauge 
transformations.  However, none of the asymptotic states commonly used in perturbation theory 
meet this criteria.   
 In QED this is not a problem, since it is possible to construct a vacuum and a complete 
set of gauge invariant states by “dressing” the electron operators (and other fermion fields) with 
exponents involving longitudinal photon fields [1,2].  States made from these dressed operators 
are unitarily equivalent to the states normally used in QED perturbation theory.   
 When moving to QCD, things become more complicated.  Quark and gluon operators can 
be dressed perturbatively [3-9], but Gribov copies obstruct these operators from being gauge 
invariant non-perturbatively [5-9].  One can construct colorless states from dressed quarks and 
gluons, but the dressing itself is still defined perturbatively.   
 The purpose of this paper is to present a set of exactly gauge invariant QCD states – ones 
that do not rely on perturbative expansions to achieve gauge invariance.  The paper begins with a 
review of Dirac’s method of consistently separating states into “physical” states that are gauge 
invariant and “unphysical” states that are not.  Using this method, gauge invariant QED states are 
constructed in a new way that is directly generalizable to QCD.  It is shown that this new 
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approach arrives at the same results (Dirac electrons) as the standard approach used to create 
gauge invariant QED states.   
The new approach is applied to QCD in order to derive an exactly gauge invariant 
“physical” zero state.  Gauge invariant local operators are then derived which can act on the zero 
state to create other “physical” states.  One finds that gauge invariance restricts the quark content 
of these states to be meson-like, baryon-like, or anti-baryon-like; single-quark states are not 
gauge invariant.  The most interesting feature of these states is the fact that the creation operators 
used to build them are defined at each point in coordinate space, rather than at each point in 
momentum space like standard creation operators.  Since the Dirac condition is local, gauge 
invariance demands colorless quark combinations locally at each point of space, not just when 
integrated over all space.   
 
Dirac Quantization 
In every gauge theory, there is a local constraint operator  xGa  that commutes with the 
Hamiltonian.  The constraint operator for a given gauge theory is most easily found by deriving 
the Hamiltonian from the Lagrangian.  The Hamiltonian derived this way includes a term 
proportional to aA0  (the temporal component of the gauge field).  The coefficient of that term is 
the constraint operator  xGa  for that gauge theory [10].   
The constraint operator is an integral part of any gauge theory, containing important 
physics that is not contained in the Hamiltonian.  For example, in QED, the Hamiltonian 
equations alone do not produce Gauss’ Law.  Rather, Gauss’ Law is separately enforced by 
setting QED’s constraint operator equal to zero.  Constraint operators also generate gauge 
transformations through their commutation relations.  For example in SU(N),  
        yxxtGifytGxtG cabcba   3,,,,  ,       (1) 
where abcf  are the structure functions of the SU(N) group.  As a consequence, 
   xGi aaexp  is a local gauge transformation on the state  .  
In order for a state to be gauge invariant, it should not be affected by this kind of gauge 
transformation.  There are two standard ways to achieve gauge invariance for states: Reduction 
or Dirac quantization [1,10,11]. 
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a) Reduction:  Set   0xGa   (operator equation)    (2) 
b) Dirac Quantization:  A state  is only “physical” if   0xGa   (3) 
The Reduction approach can be used exactly for Abelian theories like QED or perturbatively for 
non-Abelian theories.  In QED, it amounts to enforcing Gauss’ Law at an operator level – 
equating the divergence of the electric field operator to the charge density of matter field 
operators.  Reduction also requires a gauge condition in order to fully remove the longitudinal 
gauge field degree of freedom.  The Reduction approach is spelled out explicitly in some of the 
older QED texts (see for example [12]).   
Dirac Quantization is an alternative approach to enforcing gauge invariance that arrives at 
the same physical results.  The restriction that any physical state must be annihilated by the 
constraints is consistent since gauge constraints commute with the Hamiltonian.  When Dirac 
Quantization is used for QED, longitudinal photon operators are retained in the theory, but states 
involving them are considered unphysical since they do not obey the Dirac condition (3).  Dirac 
quantization of QED also requires use of a gauge-invariant Dirac electron [1,2] operator that 
differs from but is unitarily equivalent to the standard electron operator.  For non-Abelian gauge 
theories like QCD, Dirac Quantization is the only option for maintaining exact gauge invariance, 
since the Reduction approach is only solvable perturbatively.   
 To portray the main points of Dirac quantization, QED is addressed first, and a complete 
set of gauge-invariant QED states is derived.  These states are built from the usual transverse 
photons and Dirac electrons, but a new method of derivation is employed that can be generalized 
to produce exactly gauge invariant QCD states.  QCD is addressed next, and the results 
mentioned above are derived. 
 
Dirac Quantization of QED 
 The QED Hamiltonian is given by 
     meAiFFxdH iiiijijii   4121
3 ,    (4) 
where i  are electric field operators,  ijjiij AAF   are magnetic field operators, and   
are the matter fields.  The quantized fields and their canonical momenta obey the following 
equal-time commutation relations:  
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       yxiytAxt ijji

 3,,,   
      yxytxt   3,,,  † .       (5) 
Like all gauge theories, QED has a local constraint operator that commutes with the 
Hamiltonian: 
        xxexxG ii 
†  .       (6) 
From the form of the above equation (and keeping in mind that i is the electric field), one can 
see that setting   0xG  everywhere imposes the local form of Gauss’ Law at an operator level 
(Reduction approach).  As explained in the Introduction, setting   0xG  also ensures that 
quantum states are gauge invariant. 
 Alternatively, Gauss’ Law and gauge invariance can be enforced through Dirac 
Quantization as expressed in equation (3).  The Dirac condition is local since it applies to every 
point of spacetime, and it is a consistent separation of physical from unphysical states since 
   0, HxG .  The advantage to Dirac’s approach (especially for non-Abelian theories) is that 
it does not require one to keep track of the complicated field substitutions that can arise when 
enforcing Gauss’ Law at an operator level.  Equation (3) ensures that the contribution of the 
constraint (6) will be zero inside any matrix element involving physical states.   
Throughout this paper, when only a spatial dependence is shown (e.g.  x

 ), it will apply 
to a field at time 0t .  When a spacetime dependence is shown (e.g.  xG ), it will apply to an 
operator that commutes with the Hamiltonian, meaning that its form at all times is the same as 
that at 0t .   
 
Pure-gauge QED in the absence of matter fields 
In order to make this QED analysis more closely parallel to the QCD analysis of the next 
section, Dirac quantization of pure-gauge QED in the absence of matter fields will be considered 
first.  One may start with the canonical momentum state 0  defined at each point of space by: 
  00  xi

.         (7) 
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In the absence of matter fields, the state 0  clearly satisfies the Dirac condition 
    000  xxG ii

.  However, the state 0  is not an acceptable physical state due to 
the fact that it has an ill-defined norm.  This is because in order to calculate the norm of the 
momentum-representation state 0 , one must insert a complete set of coordinate-
representation states    xAxA ii

 and functionally integrate over all possible values of  xAi

 at 
each point of space.  The resulting integrals are infinite, so the norm is infinite.  Below it will be 
shown that the definition of the scalar product should include an operator insertion that 
eliminates the infinities in the pure-gauge (longitudinal) direction.  But this is not enough, 
because 00   also has infinite integrals in non-gauge (transverse) directions. 
 One way to regulate these transverse integrals is to introduce a Gaussian factor in front of 
0  for each point of space.  For example, denoting the transverse components of  xAi

 by 
 xATi

, the norm of the state      0221exp  
x
TiTi xAxA

  has finite integrals in the 
transverse directions.  Since the transverse directions are defined via derivatives, a cleaner way 
to regulate the transverse directions is to use   03141exp0
~
 

 ijij FFxd , where   is 
some mass scale introduced to make the exponent dimensionless, and the product of Gaussian 
factors at each point of space has been converted to a sum (or integral) in the exponent.  The 
state 0
~
 satisfies the Dirac condition (since      0,  xFxG ij

), and the only infinities in 
 0
~
0
~
 occur in the longitudinal integrals (which will be regulated).  So 0
~
 is an acceptable 
state upon which to build a complete set of physical states for QED.  However, a disadvantage to 
using this state is that it involves an arbitrary mass scale that was inserted by hand. 
 For QED, there is another option.  Since the gauge constraint is Abelian, the following 
dimensionless operator is gauge invariant 
 
 
     
 yFzFe
k
kydzdd
O ijij
yzki
T

3
333
4
1
2
.      (8) 
In other words,    0, TOxG .  Therefore the state 
   0exp0
~
 TO          (9) 
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satisfies the Dirac condition.  The factor  TOexp  also brings Gaussian dependencies in 
transverse directions that regulate the integrals in those directions when calculating the state’s 
norm.  The advantage of the state 0
~
 over the state 0
~
 is that the former regulates transverse 
integrals without the introduction of an arbitrary mass scale.  Another way to see that 0
~
 is 
regular in its transverse directions is as follows:  First expand the gauge fields into the usual 
plane waves: 
  
 
         xkixkiii ekaekak
k
kd
xA
  †



3
3
22
  
 
         xkixkiii ekaekak
kkd
ix
  †



3
3
22
 .     (10) 
Using these momentum expansions, it is possible to see that   00~ kaT

 , where  kaT

  are the 
transverse photon destruction operators.  This means that in the transverse photon directions, 0
~
 
is equivalent to the normal perturbative vacuum of pure-gauge QED.  That vacuum state has 
finite norm; and therefore 0
~
 also has a finite norm in the transverse directions.   
 When using the Dirac condition, the scalar product always has to be regulated.  This is 
because the naïve inner product of any two states that obey the Dirac condition (3) always has 
infinite integrals in its pure gauge directions.  This problem is unavoidable and expected, since 
the Dirac condition only constrains the pure-gauge canonical momentum (  xii

  for QED) 
without also constraining its pure-gauge field counterparts (  xAii

  for QED).  The standard 
way to address this issue is to include a delta function and a determinant in the definition of a 
physical scalar product.  Specifically, the scalar product for QED in the Dirac approach is 
defined as follows [10]: 
        G,det      xAx ii

 .    (11) 
The function  x

  can actually be any function that satisfies   0,det G , but it is often 
convenient to choose    xAx ii

 .  It is apparent that with this choice of  x

 , the delta 
function does indeed remove the infinite longitudinal integrals at each point of space.  As an 
aside it should be noted that the BRST formalism arrives at the same result without an operator 
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insertion by expanding the functional space to include canonically quantized ghost fields.  
Integration over ghosts fields yields the Fadeev-Popov determinant  G,det  , while integration 
over a non-minimal canonical momentum field yields    [10,13,14]. 
 In the absence of matter fields, the state 0
~
 is a gauge invariant physical state that 
satisfies that Dirac condition and has finite norm.  Moreover since      0, kaxG T

†
 , any state 
made by adding transverse creation operators  kaT

†
  to 0
~
  is also gauge invariant and physical. 
 
QED with matter fields 
 To add matter fields to the Dirac quantization of QED, it is helpful to first make the usual 
plane-wave expansions: 
  
 
        pdpvepbpue
E
pd
x ss
xpi
ss
xpi
p
  †   3
3
22 
  .    (12)
 
 
One may then expand the definition of 0
~
 to include matter fields by requiring  
     00
~
0
~
 pdpb ss

.        (13) 
Through that definition, 0
~
 becomes equivalent to the normal perturbative vacuum of QED 
(except in the longitudinal photon direction).  Using (12), it is apparent that the full constraint 
       xxexxG ii 
†  has terms in it proportional to    pdpb ss
 ††  , involving two 
creation operators.  As a result,   00
~
xG , the Dirac condition is not satisfied, and 0
~
 is no 
longer gauge invariant once quarks are included.   
However, a state which does satisfy the Dirac condition can easily be constructed.  
Consider the Hermitian operator  
 
       yyxAe
k
kydxdd
eO ii
yxki
L



  †
23
333
2
 .     (14) 
The field commutation relations can be used to derive the following operator equation:  
       xiOiOxG iiLL

 expexp .         (15) 
8 
 
In other words, when  xG  is commuted through  LiOexp  the matter term    xxe

 †  is 
removed from the constraint  xG .  Therefore, the state 
   0
~
exp0 LiO          (16) 
is gauge invariant, satisfying the Dirac condition   00 xG . 
 Once a gauge-invariant perturbative vacuum state 0  with finite norm has been 
established, it is possible to define additional gauge-invariant states through the application of 
gauge-invariant creation operators.  Defining dressed operators by 
        LsLs iOpbiOpb  expexp
~  ††  
       LsLs iOpdiOpd  expexp
~  ††  ,       (17) 
one can see from (15) that 
           0~,~,  pdxGpbxG ss
 †† ,       (18) 
so they are gauge invariant.  The operators  pbs
†~  and  pds
†~  are just the Dirac electron 
“dressed” operators that have long been known to be gauge invariant [1,2].  Any state formed by 
applying these operators or transverse photon creation operators  kaT

†
  to the state 0 is a 
gauge-invariant physical state. 
 
Dirac Quantization of QCD 
 Many of the steps taken above for QED can be repeated in order to create gauge-invariant 
states for QCD.  The QCD Hamiltonian and its corresponding constraints are: 
    miDFFxdH iiaijaijaiai   4121
3      (19) 
    abi
ab
i
a gDxG † ,        (20) 
where 
c
j
b
i
abca
ij
a
ji
a
ij AAgfAAF  , 
aa
iii igAD  , 
c
i
abc
i
abab
i AgfD    and 
a  are half 
the Gell-Mann matrices, satisfying   cabcba if  , .  As in QED, the local constraints  xGa  
commute with the Hamiltonian and generate gauge transformations.  The operator equations 
  0xGa  are the color equivalent of Gauss’ Law, which should be imposed one way or another 
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to preserve gauge invariance.  Solving the nonlinear operator equation   0xGa  is only possible 
perturbatively, but the Dirac condition (3) can be enforced exactly. 
 
Pure-gauge QCD in the absence of matter fields 
Proceeding in parallel to the QED derivation and starting with pure-gauge QCD, it is 
apparent that the canonical momentum state 0  defined by  
  00  x
a
i

         (21)  
satisfies 00 
b
i
ab
iD  and is therefore invariant to gauge transformations in the absence of 
matter fields.  But just as in the QED case, 0  has an ill-defined norm due to infinite 
functional integrals over  xAi

 field configurations.  In QED, the norm in transverse directions 
can be made finite by introducing a gauge invariant operator  TOexp  (eqn. 8) that essentially 
transforms 0  into the perturbative vacuum.  However, if one generalizes the QED operator 
TO  to QCD, one finds that the non-Abelian version does not commute with the constraints, so it 
is not gauge invariant: 
  
 
      0
2
,
3
333







 yFzFe
k
kydzdd
xG bij
b
ij
yzkia 

.     (22) 
However, the commutator (22) is proportional to the coupling constant g.  As a result, it 
is possible to create a perturbative expression for the QCD analog of  TOexp  in QED.  This 
exponent can then be used to create QCD dressed states that are perturbatively gauge invariant 
[3-9].  But as shown in [5-9], Gribov copies ruin the full gauge invariance of these dressed states.  
In this paper, a different operator will be introduced which will lead to finite-norm states that 
exactly commute with the gauge constraints and are therefore exactly gauge invariant. 
 The operator  TOexp  for QED had an interesting property that was not explicitly 
discussed in that section.  Namely, the state   0exp TO  is an exact eigenstate of the pure-
gauge QED Hamiltonian.  So if one could find an operator that would create an exact eigenstate 
of the pure-gauge QCD Hamiltonian, perhaps that operator could also be used to regulate non-
gauge integrals in norms.  Consider the operator: 
  ckbjaiabcakajiijk AAAgfAAxdO 313210         (23) 
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This operator is gauge-invariant 
    0, 0 OxGa ,         (24) 
and its exponent can remove the magnetic energy term from the pure-gauge Hamiltonian: 
       akaijijkaiaiaijaijaiai FixdOOFFxd   2121
3
004
1
2
13 expexp  .  (25) 
Because of the above equations,   00exp O  is exactly gauge invariant and is also an exact 
eigenstate of the pure-gauge QCD Hamiltonian with vanishing eigenvalue.  Unfortunately when 
the norm of   00exp O  is calculated, one of the two transverse integrals of  xA
a
i

 explodes at 
each point of space, so   00exp O  does not have a finite norm. 
Just as in QED, another way to maintain exact gauge invariance of states while regulating 
transverse integrals over  xAai

 in their scalar products is to use an operator involving an 
arbitrary mass scale.  Consider the operator  
 aij
a
ij FFxdO 

 
31
4
1 ,        (26) 
which is made dimensionless by insertion of a mass scale  .  The operator is gauge-invariant, 
   0, OxGa , so the state 
  0exp0
~
  O          (27) 
is exactly gauge invariant (for pure-gauge transformations).  Thanks to the Gaussian exponent, 
when the scalar product prescription of (11) is used, 0
~
 has finite norm.   
 One may ask what is the meaning of the mass scale   introduced here and whether it has 
any relation to QCD .  To answer that question, it should be noted that 0
~
 has a zero-point 
energy whose dominant contribution is proportional to   
233 kkxdd .  This energy is 
minimized by the mass scale   becoming as large as possible (e.g. the Planck scale).  So it 
would seem that   is more akin to a regulator of divergences than it is to QCD .  Answering the 
question more fully would require developing a perturbation theory from these gauge invariant 
states which is outside the scope of this paper. 
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 Once 0
~
 has been defined, other pure-gauge-invariant states can be formed by applying 
other pure-gauge-invariant operators.  To do this, it is helpful to define the following pure-gauge-
invariant local operators: 
      xxx ai
a
iE


2
1H            xFxFx aij
a
ijM

4
1H .    (28) 
Both of these Hamiltonian density operators commute with the constraint  xGa .  Therefore, one 
can define a set of physical states for pure-gauge QCD as the state 0
~
 along with any 
combination of the operators  xE

H ,  xM

H  and 0O  (or their commutators) acting on 0
~
.  
That definition of physical states may not be the complete set of states that satisfy the Dirac 
condition for pure-gauge QCD, but it is a consistent closed set in the sense that the Hamiltonian 
acting on any state in the set results in another state in the set. 
          
Dirac Quantization of QCD with Quarks 
 Building on the results of the last section, one can now add quarks to the theory.  To 
better highlight the chiral aspects of quarks, a massless expansion of quark fields will be used in 
this section, even though quark masses are included in the Hamiltonian (19).  Employing the 
Weyl representation of the gamma matrices 
 






01
10
0   









0
0
i
i
i


   







10
01
5  ,  (29) 
the quark fields can be expanded as follows at time 0t : 
      
 
    xpis
s
s
s
s
s
epd
Sp
Sp
pb
Sp
Sp
p
pd
xdxbx
 






















 
††






30
3
22
, (30) 
where pp

0 ,  i  ,1 ,  i   ,1 , and sS  is a 2-component spin unit vector.  The local 
fields  xb

 and  xd
†  are defined as the parts of  x

  that involve all of the quark destruction 
operators  pbs

 or all of the anti-quark creation operators  pds

† , respectively.  Just as in 
QED, one finds that the quark part of the constraint  xGa  (defined in (20)) has terms in it 
proportional to two quark creation operators.  As a result,  xGa  does not annihilate the standard 
perturbative QCD vacuum, meaning it is not gauge-invariant.  Similarly, enlarging the definition 
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of 0  in (21) to require     000  pdpb ss

, one finds that   00
~
xG
a .  In other 
words, although 0
~
 is invariant to pure-gauge transformations, it is no longer gauge-invariant 
when quarks are included. 
In QED, to get rid of terms like    pdpb ss
 ††   in  xG , it is possible to construct an 
exponent  LiOexp  involving the exact canonical conjugate of the photon part of the constraint, 
and to use that to completely cancel the matter part of the constraint.  A perturbative version of 
that method can be used for QCD [4-9], but a version that remains valid non-perturbatively is not 
available since one cannot write down a non-perturbative analytical expression for the canonical 
conjugate of bi
ab
iD  .  However for QCD, it is possible to construct an exponent involving only 
quarks that still enables construction of exactly gauge-invariant states with certain, more 
restricted configurations. 
 Consider the following Hermitian operator 
        pbpdpdpbSpS
E
pd
O sssss
T
s

 
††
3
4
1  
                   xbxdxdxbxd  5050341 11   
†† ,    (31) 
where the second line simply rewrites the first line using the spatial operators defined in (30).  
The following commutation relations hold: 
       xdOxb  †5041 1,    
       xbOxd  5041 1,  † .       (32) 
Using these relations together with the Hadamard Lemma of the Baker Hausdorff theorem [15], 
one finds the following relation for the quark part of the constraint: 
                 xdxdxbxbiOiOxx aaa  ††† ~~~~expexp    ,   (33) 
where the local operators  xb
~
 and  xd
†~  are defined by 
      xbixb  501
2
1~
        xdixd  †† 501
2
1~
 .   (34) 
In other words, commuting    xx a

 †  through the factor  iOexp  separates the quark part of 
the constraint from the anti-quark part, and the constraint no longer has terms involving two 
creation operators. 
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With these tools in place, one can define an exactly gauge invariant state for QCD that is 
valid non-perturbatively: 
    0
~
exp0 iO  .         (35)   
Due to (33) and the fact that a  is traceless, this state satisfies the Dirac condition with quarks: 
  00 xG
a .  Moreover, it has a well-defined norm when the scalar product definition of (11) 
is used.   
Once one gauge-invariant state has been defined, it is possible to define others.  Although 
it is not possible to construct single-particle quark or gluon operators that are non-perturbatively 
gauge invariant [5-9], it is possible to construct multi-quark states that exactly obey the Dirac 
condition and are therefore exactly gauge invariant (not just perturbatively).  This task is greatly 
simplified by the fact that the operators defined in (34) and (30) have local commutation 
relations: 
         50213 1
~
,
~
 iyxybxb 
 †  
         50213 1
~
,
~
 iyxydxd 
 † .      (36) 
Denoting quantities “inside” the exponent  iOexp  with a tilde, one finds 
         †† ddgbbgDiOxGiOxG aabiabiaa
~~~~
expexp
~
     (37) 
            xxxxxdiOHiOH mME  HHHH
~~
expexp
~ 3      (38) 
      with   †† dDdbDbx i
i
i
i ~~~~~  

H  and   bmddmbxm
~~~~~ 00   ††

H  . (39) 
Each of the four Hamiltonion density terms defined in (38), (28) and (39) independently 
commutes with  xGa
~
, so each can operate on 0
~
 to make gauge-invariant states “inside” the 
exponent  iOexp . 
 But in addition to these Hamiltonian density operators, it is possible to define the 
following local “meson-like”, “baryon-like”, and “anti-baryon-like” creation operators “inside” 
the exponent  iOexp : 
      xdxbxM sgsffg
 †††
 
~~~ 00    (spin 0) 
      xdxbpxM sg
i
sf
i
fg
 †††
 
~~~ 01   (spin 1) 
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        xbxbxbxB uhtgsffghstu
 ††††


~~~~
  
       xdxdxdxB uhtgsffghstu
 ††††


~~~~
 .       (40) 
Here  ,,  are fundamental color indices, f,g,h are flavor indices, and s,t,u are 4-spinor 
indices, all of which were suppressed in the definitions of (30) and (34).  For the baryon and anti-
baryon operators to be gauge-invariant, the flavor-spin index combination must be symmetric.  
These local operators then satisfy 
                0~,~~,~~,~  xByGxByGxMyG fghstufghstunfg  ††† ,    (41) 
so they can be used to build gauge invariant states.   
 With these operators in hand, one can define a new set of physical states as follows:  A 
physical state is any state which is constructed by using   0
~
exp iO  or any combination of the 
operators in (27), (28), (39), and (40) applied to 0
~
 with a factor of  iOexp  on the far left.  
For example,     0
~~
exp 0 xMiO fg
†
  is a physical state.  Even though this set of physical states 
may not be the complete set that satisfies the Dirac condition, the set is a consistent set in the 
sense that the Hamiltonian acting on any physical state produces another physical state. 
 As an aside, it is interesting that one can create an exact eigenstate (with infinite norm) of 
the fully interacting QCD Hamiltonian with massless quarks.  Since each term of  x

H
~
 in (39) 
has a quark destruction operator,  x

H
~
 annihilates the state 0
~
 (and also the state 0 ).  
Combining this result with the effect seen in (25) of the pure-gauge operator 0O , one can see that 
    00expexp OiO  is an exact eigenstate of the fully interacting QCD Hamilton with 
massless quarks.  The eigenvalue is zero.  As mentioned in the pure-gauge QCD section, the 
problem with this state is that it has infinite norm.  If the norm of the state is regulated by the 
introduction of  Oexp , the state ceases to be an exact eigenstate, but it may still be interesting 
to explore the expectation value of the energy density of such a state and its dependence on  . 
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Conclusions 
 A new method has been used to construct exactly gauge invariant QCD states.  Two 
striking features of the method are that it requires the insertion by hand of a mass scale   and 
that gauge invariance requires quarks to cluster into meson-like, baryon-like, or anti-baryon-like 
combinations at every point of space.   
 One intriguing direction of future study would be to create a gauge-invariant perturbation 
theory.  In normal perturbation theory, the gauge invariant term  i
iiD  in the Hamiltonian is 
split into a free term  i
ii  and an interacting term  aai
i Ag , neither of which are 
separately gauge invariant.  However, the fact that the state 0  constructed above is an exact 
eigenstate of  i
iiD  introduces the possibility of treating the whole gauge invariant term 
 i
iiD  as the “free” Hamiltonian and the gauge invariant mass term m  as the interacting 
Hamiltonian.  One advantage of this approach is that gauge invariance would be manifestly 
maintained at each order of perturbation theory.  The small parameter in this approach would be 
the quark mass divided by a combination of quark momentum and QCD  (assuming QCD  sets 
the scale of the gauge field).  Such a gauge invariant perturbation theory could potentially also 
provide more insight into hadronization processes where standard perturbative QCD starts to 
break down.  
 Since the gauge invariant states derived here feature quark clustering no matter how 
small the coupling constant, this analysis supports the conclusion previously made in [5] that 
confinement is an unavoidable consequence of gauge invariance and that there should be no 
deconfinement phase transition at weak coupling.  It has been found both experimentally and in 
lattice calculations that the quark-gluon plasmas (QGPs) created in high energy heavy ion 
collisions are highly correlated [16-19].  This result is different than one would expect to find for 
a weakly coupled gas described by a partition function made from single particle states.  It would 
be interesting to use multi-quark states like the ones presented here to build a gauge invariant 
partition function and see if it would predict a plasma with the kind of strong correlations seen in 
experiments.   
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